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Abstract 

On the unit disk Bi C K.^ we study the Moser-Trudinger functional 

E{u)= [ (e''''-l)dx, ueHl{Bi) 

1^ . and its restrictions £^|a/aj where Mj^ :— {u G Hl{Bi) : ||u||^i — A} for A > 0. We prove 

rl^ \ that if a sequence Uk of positive critical points of E\mp^ (for some Afc > 0) blows up as 

d \ fc — >■ cx), then Afc -^ 47r, and Ufc ^> weakly in Hq{Bi) and strongly in Cl^^{Bi \ {0}). 

Using this we also prove that when A is large enough, then E\ma has no positive critical 
point, complementing previous existence results by Carleson-Chang, M. Struwe and Lamm- 
Robert- Struwe. 
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1 Introduction 

Let il (s M^ be a smooth bounded and connected open set. It is well-known that there is 
U '. a Sobolev embedding W^'^{n) ^ L^{Q) for p € [1,2), but Hl{n) := VFo'^(51) /> L°°(f7). 

- - However it was proven by N. Trudinger [29] that e" G L^{Q) whenever u € Hq{^). This 

embedding was sharpened by J. Moser [23] who showed that 

sup / fe''" - l)dx < C\n\, \\u\\hi ■■= ( \Vu\^dx]\ (1) 

ov h\\ upl- 
and 



„2 



sup / ( e" — Ijdx = -|-oo, for every 5 > 0. (2) 



Since then, a formidable amount of work has been devoted to the study of the functional 

E{u) := / ('e"' - l)dx, u G Hl{n) 

and in particular of its critical points. Clearly u = is the only global minimum of E, but 
because of ([2]) we cannot look for a global maximizer of E in Hq. Instead one might hope to 
find a maximizer of -E|a/a) i-e. of E constrained to the manifold 

Ma := [u £ H^{n) : ||u||^i = a} 

for A G (0, 47r], or to find other kinds of critical points (local maxima or minima, saddle points, 
etc.) when A > 47r. As long as A < 47r the embedding ([T]) is in fact compact, so the existence 
of a maximizer is elementary, but when A > 47r compactness is lost and also the Palais-Smale 
condition does not hold anymore, see |3j. 

In spite of these difficulties Carleson and Chang [7] proved that when Q = Bi (0) (the unit 
disk in M^) E\m4^ has a maximizer. This result was extended by Struwe [26] who proved the 
existence of a maximizer in M^.^ when is close to a ball, and finally by Flucher [13j for any 
bounded smooth fi (see also [9] for a related result in higher dimension). 

The existence of critical points on M\ in the supercritical regime, i.e. for A > 47r, is even 
more challenging, and to the fundamental question of the existence of critical points of -EIa/a 
for A large only few answers have been given. Monahan [22j gave numerical evidence that when 
= -Bi(O) then for some A* > 47r the functional E\m/^ has a local maximum and a mountain 
pass critical point for every A G (47r,A*). Assuming that a local maximum of EIm^^ exists 
(which was later shown to be true for arbitrary domains by Flucher [131) Struwe proved in [26] 
that for some A* = A*(ri) > Att and for a.e. A G (47r,A*) two critical points exists. This result 
was then extended in [16] to all values of A G (47r,A*) through the more precise information 
given by a parabolic flow, compared to the one given by the Palais-Smale condition. 

Further, using implicit function methods, Del Pino, Musso and Ruf [11] were able to charac- 
terize some of these critical points as one-peaked bubbling functions which blow-up as A \ in. 
In the same paper they showed that if Q is not contractible, then for some A^ > Svr the functional 
E\mj^ has a critical point of multi-peak type for A G (Svr, A"^). When is a radially symmetric 
annulus they also proved for any 1 < ^ G N the existence of some A| > inl such that E\m/^ has 
a critical point when A G (47r^, A^. We also refer to [27] and [16] for related results on domains 
with small holes, in the spirit of [S] (where the Yamabe equation was treated). 

The previous results, in particular those in [11], suggest that at least when fi is not con- 
tractible E\ma might have critical points even when A is much larger that in. In this paper we 
will show that such a topological assumption on il is natural. In fact we will prove that when 
Q = i?i(0), then -E|ma l^^s no positive critical points for A large enough. 

Theorem 1 For Q = -Bi(O) there exists A^ > Att such that the functional E\m/^ has 

(i) no positive critical points for A > A% 



(a) at least 2 positive critical points for A G (47r, A'), 
(Hi) at least one positive critical point for A S (0,47r] U {A'}. 

The proof of the non-existence part in Theorem [1] (Part (i)) wih be completely self-contained. 
To prove Parts (ii) and (iii) we will also use Theorem 1.7 from |26], which gives the existence 
of some A* > 47r such that a positive critical point of E\m/^ exists for A € (47r, A*). Actually 
by ^26t Theorem 1.8] and |161 Theorem 6.5], -E^Ima has two positive critical points whenever 
A E (4-77, A^,), for some A^, G (47r,A*]. Then Theorem [1] complements these results by showing 
that, at least when = i?i, the existence of two positive critical points of -EIa/a ^^^ A > 47r 
persists until we reach the energy threshold A = A", beyond which we have non-existence. A 
qualitatively similar picture has also been shown in [TJ], [2T] (as well as in several subsequent 
papers in the literature) for the problem —Au = nf{u) in bounded domains of M"'. Differently 
from these results, we focus on the Dirichlet energy rather than on the parameter fi, and we 
deal with a faster growth of the nonlinearity. 

In order to prove Theorem [1] we first notice that a critical point of £'|ma solves 

2 

—Au = Aue" in Q; 

u = on 50; (3) 

ll^tllii = A, 

for some A > 0, and that when 0, = Bi a positive solution to (I3D is radially symmetric by 
Theorem 1 in [14] . Then it will be crucial to understand the blow-up behavior of a sequence of 
symmetric positive solutions to ([3]), i.e. solutions u^ to 



(4) 



In this direction a lot of work has already been done. For the sake of simplicity we shall 
present only the radially symmetric versions of the results which we quote, referring to the 
original papers for the general cases. For instance O. Druet proved (see also [1] and [2] for 
previous related results, where the blow-up profile was identified, and [16] where the parabolic 
case was treated): let (u^) be a sequence of solutions to @ with A^ < C and sup^^ u^ — )• oo. 
Then up to a subsequence Afc — )• Aoo £ [0, '2'^]u Uk -^ Uoo strongly in Cy^^{Bi \ {0}) and weakly 
in Hq{Bi), where 

2 

- Auoo = Aoo^tooe''°° in Bi, (5) 

and Afc — )• AttL + ||uoo||?/i for some integer L > 1. More precisely 



-Aufc = 


-- XkUke^'l 


in Bi; 


Uk = 




on dBi; 


Uk>0 




in Bi; 


\\Uk\\]rl 


= Afc. 





Vuk\dx—-47rL6o + \Vuoo\dx, XkU^e'^^dx ^ AttLSo + XooUoo'^''^dx (6) 



^The constant 2-k is the first eigenvalue of —A on Bi. As proven by Adimurtlii Jj, Problem ((Sjl has a positive 
solution if and only if A G (0, Ai(n)), where Ai(n) is the first eigenvalue of —A on il with Dirichlet boundary 
condition. 



weakly in the sense of measures. The questions whether Uoo and Aqo can actuahy be non-zero, 
and whether L can be greater than one (i.e. whether the blow-up can be non-simple, using a 
terminology introduced in |24] ) were left open (in fact also higher dimensional generalization of 
the result of Druet, see e.g. [19], [20] and [28j, produced analogous open questions), but we are 
now able to give a negative answer to both questions, as stated in the next theorem. 

Theorem 2 Let ut he a sequence of solutions to Q . Then up to extracting a subsequence we 
have for k ^f oo either 

(i) Xk — > Aoo £ [0,27r], Uk — t- Uoo in C^{Bi), where u^o solves ([5|), or 

(ii) Xk — )• 0, ||ufe||^i — > 47r, Ufc ^ weakly in Hq{Bi) and strongly in C[^^(i?i \ {0}) and 

\Vuk\'^dx ^ i7r5o, Xkule^kdx ^ 4:Tt5q (7) 

weakly in the sense of measures. 

The proof of Theorem [2] is self-contained. In some parts we could have used previous results 
of [1] or [12], but these hold for general domains, and consequently their proofs are more involved 
and we did not want to rest on them. Our main argument is not based on a Pohozaev-type 
identity as the results in [T^], [IB], [2U] and [25], but on a simpler decay estimate of Uk away 
from the blow-up point, which has some partial analogies with Lemma 3 of [18] (originating in 
[25| . see also [B]). Notice that, contrary to the previous works, e.g. |12| . in our Theorem [2] we 
do not assume uniform bounds on ||^iA;||?ri, i-e. A^ < C. This is crucial if we want to apply 
Theorem [2] to prove Theorem [TJ 

The final picture that we get is then much closer to the geometric situation of the Liouville 
equation as studied by Brezis-Merle, Li-Shafrir and Li. More precisely, and working again on 
Bi for simplicity, consider a sequence (vk) of radially symmetric solutions to 

-Avk = Vke^'"' inBiCR^, Vk ^ Vq >0 m C°(Bi), \\e^'"'\\Li<C, supufc^+oo. 

Bi 

Then, as proven in [5| Theorem 3], 

Vk — >■ — oo uniformly locally in Bi \ {0} (8) 

and 

Vfce ^''dx -^ a6o weakly as measures, for some a > 2-it. (9) 

Here V^e^^* plays the role of the energy density A^n^e^fe from ^ and ([7]). Then ([8|) and ([9|) are 
the equivalent of Xoou'^e^°°dx = in d?]) (compared with ^). 

Y-Y. Li and L Shafrir, see |17j.|18j. complemented the result of Brezis-Merle by showing 
that a = 47r in Q, finally yielding Vke^'"'' -^ 47r(5o, in analogy with ([7|). On the other hand we 
remark that the proof of ([7]) is more subtle because the nonlinearity ue^ is more difficult to 
handle than e^"" . In fact, as already noticed in previous works, e.g. [1], suitable scalings % of 



blowing-up solutions of dH converge in Cj^j,(M^) to a solution rjQ of —Av = 4e^^, see Lemma 
[3l Unfortunately this information is too weak for our purposes and we need to linearize the 
equation satisfied by Tjk (Eq. (fH|l below) to better understand its asymptotics (Lemma H]), and 
to have a global estimate of r/^ (Lemma [5]) . 

We also point out that an immediate consequence of the proof of Theorem [T] is the existence 
of blowing-up solutions to ^ with bounded energies (A^ —^ Att). This has long been an open 
problem: Adimurthi and Prashanth [3] were only able to prove the existence of blowing-up Palais- 
Smale sequences, while more recently Del Pino, Musso and Ruf, with an approach technically 
much richer, showed that blowing-up solutions exist for any domain 0,, see [llj. Our method 
applies only to the unit disk, but it is on the other hand relatively elementary and explicit. 

In the following the letter C denotes a large constant which may change from line to line and 
even within the same line. 
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2 Proof of Theorem [2] 

By [141 Theorem 1] a positive solution n to ([3|) is radially symmetric. With a little abuse of 
notation we shall write u{x) = u{r) for x € Bi with |a;| = r. Since Au < 



2TTu{r) = / Audx < 0; r > 0, 

J Hr 



hence u{r) is decreasing. 

Consider now a sequence u^ as in the statement of the theorem. By elliptic estimates, if 
max^^ Uk < C, then we are in case (i). Let us therefore assume that, up to a subsequence 

/Ufc := nfc(O) = maxufc — )■ oo as A; — > oo. (10) 

Lemma 3 Let r^ > be such that r'^X^fJ^f.^^'' = 4. Then as k ^ oo we have r^ -^ 0, 

r]k{x) := fJ-k{uk{rkx) - Hk) -^ r]o{x) := - log(l + [xp) in C/qc(M^), (11) 

/ \kule<dx= [ 4e2'?od2; = 4^. (12) 



and 



lim lim 



Proof. We first prove that liuik-^oo ^k = 0. Otherwise up to extracting a subsequence we have 
Afcyu^e^fc < C. Then, using that u'j^ < in [0, 1] we see that 

-Hk^Uk < >^kA^^'' <C inBi. 

Therefore as A; — )■ oo we get An^ — ?> uniformly and by elliptic estimates n^ — >■ in C^{Bi), 
contradicting (fTO]l . 

Set now Vk{x) = Uk{rkx) — fi^- We claim that u^ — > in Cj^qj,(M^) as A; ^ oo. Indeed 

-Avk{x) = — ''^^'^^^^ e(»(rfcx)-Mfc)(«(rfcx)+/.,) ^ uniformly as /t ^ oo 

fJ-k fJ-k 

since 4/^^ — > 0, < u^/fJ-k ^ 1 ^-nd {uk{rkx) — ^^k){uk{fkx) + /ife) < 0. Now notice that f ^ < 
and va;(0) = 0. Then the Harnack inequality implies the claim. 
Therefore we have 

-Ar?fc = Vfce2'^'='"= inSi/,^, 

where 

TA / X ^Uk{rkx) l(uk{rkx) \ ^ . ^q m2A 
Vk{x) = ^ ^4, flfc = - ^ + 1^1 m Cfoe(M^). 

^J'k 2.\ ^k J 

Considering that % < 0, A?7fc is locally bounded and 77^(0) = we have rjk -^ rf in Cjq|,(M^) by 
the Harnack inequality, where —Arf = Ae^^ and ?/*(0) = 0. On the other hand 

- Ar/o = 4e2''o in M^, 770(0) = 0, (13) 

hence it follows from the uniqueness of solutions to the Cauchy problem (recall that all functions 
here are radially symmetric) that r]* = ijq. 

Finally ()12p follows from Fatou's lemma. D 



Notice that 



A,, = 4(1 + 5V^''^^"- (14) 



Lemma 4 Set Wk '■= Mfc(% ~ Vo)- Then we have Wk ^ w in C[|^^(M^), where 



2r2 1 . 1-r^ /■!+'■' logt 



w{r) := r/o(r) + ^— ^ - -vl{r) + -— -^ / jdt (15) 



is the unique solution to the ODE 

-Aw = 4e2''« (r/o + Vo + '^w), w{0) = 0, w\0) = 0. (16) 

Moreover w satisfies 

/ Awdx = -An, (17) 

and 

sup |tt;(r) — ??o(^)| < CO. (18) 



re[0,oo) 



Proof. Set Sk '■= fJ-f. — > as A; ^ oo. Using (fT3]l and (fH|) we compute 
1 r 



4e2'?o r 



4(l+efcr/fc)e(2+^'='^'=)'"=-4e2^o 



Efc 



(1 + efc(r/o + (% - T]o)))e'^'^'i'^~'T^^+^^''io+^^'''"'ink-rio)+ekivk-vof 



1 



(19) 



By Lemma [3] for every i? > we have r]k{r) — rjQ^r) = o(l) — > as fc — t- oo uniformly for 
r G [0, -R], and we can use a Taylor expansion: 

^2{vk-vo)+ekv'o+-^ekvo(vk-vo)+ek{m-vor = ^ + 2{i]k " %) + efc??o + o(l)efe + o(l)(% - r?o), 

with errors o(l) — )• as A; — )• oo uniformly for r G [0, R]. Going back to (J19p we get 

-Au-fc = 4e2'^«[r/o + r]^ + 2wk + o(l) + oil)wk], 

with o(l) — > as A; ^ oo uniformly for r G [0, i?]. By ODE theory Wk{r) is locally bounded, and 
by elliptic estimates Wk ^ w in Cl^^{E?), where w satisfies UfW^i . 

Since the solution to the Cauchy problem (|16p is unique, in order to prove that w = w (with 
w given in ()15p ) it is enough to show that w solves ()16p . It is easily seen that w{0) = 0. First 
computing 



1 2, s\' l-r2 d 
2^oWJ +YTV^Yr 



logt 



dt 



we get 



w'{r) 



2r(l-r^ 



1-t 

21og(l+r2) 4r 



(l + r2)2 r(l + r2) (1 + r 

w'{0) = 0, and using Aw{r) = w"{r) + liilll we finally get 



2A2 



21og(l + r^) 
r(l + r2) 

" ■-'■' logt_ 
1-t 



dt, 



(20) 



-Aiffr) 



16r^ 



121og(l + r2) 8(1 -r^) 



(1 + r 
4e2w 



2^3 



+ 



(l + r2)2 (l + r2)3 7^ 



l+r^ 



1-t" 



dt 



4^^ 



+ 3% + 2- 



1-r' 



logt 



1 + H l + r^y^ 1-t 

To prove ([T7|) we use the divergence theorem and (J20P to get 



dt 



4e2''o[??o + ??g + 2w;]. 



/ AtDdx = lim 2TTrw'{r) = — 47r. 



Similarly from (|20p we bound 

\w'{r) — 7?o(r)| < 



C 



l + r2 



for r G [0, oo), 



and integrating in r also p8p follows. D 

Lemma E] tells us that for R > and k > fco(i?) we have r/^ ^- r/o in C^{Bfi). On the other 
hand ??fc is defined on B ~i with r^ — )• oo as A; — ?■ oo, and Lemma [3] gives us no information on 

k 

the behavior of r/^ on B^-i \ Br. We shall now use Lemma H] to fill this gap and have a crucial 

k 

estimate of r/^ in all of B -i. 



Lemma 5 Fix Rq € (0, oo) such that w < —1 on [Rq,oo), where w is given by (jlSp and such 
Rq exists thanks to (jlSp . Then for k large enough 

m{r) < Voir), forr G [Ro,r~'^], (21) 

or equivalently 

^fc(r)</xfc-— log (1 +(-)), forre[Rork,l]. (22) 

Proof. Write Sk '■= fJ.'j^ — "^k (^) ^^'^ Vk = Vo + ^kW + 4>k- Then dH]) is equivalent to 

-Arjk = 4 (1 + Ekim + SkW + ^k)) e(2+^fe(%+^fe«'+<^'=))('7o+Sfc«^+<^fc)^ 
and taking (fT3]l and (fT6]) into account we find 

-A0fc = $fc((Afe), 
where for any function (p 

$fc(</.) := 4(1 + Ekivo + £kw + ^))e(2+^'=(*+"^-"'+'^))(^«+^*'"+'^) - 46^* - Ae^'^^Sk [m + Vo + H . 
We now expand 

(2 + Ekivo + £kW + (/)))(% + £kW + (fy =2r]o + 2EkW + 20 + EkVo + ^4^% + 4^^ 

+ Ekcp (2% + 2efc'u; + (/)) =: 2% + /ifc(</'). 

To avoid cumbersome notations we will also write, for a given function (p and any given k, 

h := hkicp) = 2EkW + 20 + Ekvl + '^^I'^Vo + ^1^^ + £k4> (2r?o + 2EkW + 0) , 

T] := TJo + EkW + (j) 

so that 

^i2+e,n)v = e2r,o+h^ ^^(^) ^ 4^2,0 ^(^ ^ ^^^)gh _ ^ _ ^^^^ _ ^^^2 _ 2^^^- _ 

Then with a Taylor expansion we can write 

where [©(/i'^)! < Ch'^ for a fixed positive constant C, provided |/i| < 1. Then, using (jlSp to 
bound [t(;(r)| < C(l + log(l + r^)), 

(l + efcry)e'* = 1 + EkVo + 2EkW + EkVo + 2(1) 

+0(0) (0(0) + 0(e,.(l + log(l + r2))2)) + 0(4(1 + log(l + r')f) 

where \0{s)\ < Cs. Then 

<l>,.(0) = 4e2^« [20 + O(0) (0(0) + 0(e,(l + log(l + r')f)) + 0(ei(l + log(l + r')f)] , (23) 



as long as \h\ < 1, which is true provided for some 6 > smah enough 

\^\<6; efc(l + log(l + r2))2<5. 
Similarly if (j) is another function with |0(r)| < 5 one has 



|cDfc(0)-cI>fc(<^)|<4e2^« 



+ 0(0 



+ </)| + 0(efc(l + log(l + r^))^) 



(24) 



(25) 



We shall now use the contraction mapping theorem to bound (pk- We restrict our attention 
to an interval [0,Sk] with Sk = o(l)e^'= and to functions (j) : [0,Sk] — )• M satisfying 0(r) < 
0(e|)(l + log(l + r^)), so that (j23p and (|24p hold for k large enough. With these restrictions 
(1251) gives 

|cl>fc(</))-cD,(<^)|<(8 + o(l))e2^*|0-<A|, (26) 

with error o(l) — )• as A; — )• oo. 

By the above computations, % = % + £w + i;^^ solves ()14p if and only if 0^ satisfies 



Setting 



-A</>fc = $fc(</.fc); MO) = 0, </'fc(0) = 0. 

and ip = r(j)\ the last equation gives the system 



0' =-ri>, 

^' = -r$fc((/)); 



(0(O),^(O)) = (O,O). 



(27) 



The solutions of ()27p are the fixed point of some integral equation. For technical reasons, it will 
be convenient to integrate starting from some value T > (to be fixed later) of the r parameter 
rather than from r = 0. If we let ()27p evolve up to time T, by the smooth dependence on initial 
data then (for e^ small) the solution will satisfy 



(r)| < C{T)el 



(r)| < C{T)el 



for r G [0,r], 



(28) 



uniformly in Sk- Notice that 0(T) = (pkiT) and (piT) = Tcp'^^iT). 
We consider then the functions 

ds 



i^l,(0,^)(O:=0(r)+ / ^{s) — , 



r>T: 



^2,(0,^) (0 := i^{T) - J s'^kms)ds, 
Fixing S = Sk > T, with s^ = 0(1)6^*=, we next define the norms 

fir) 



r>T. 



sup 

re{T,S] 



I/lb = 2 sup |/(r)|. 



log r — log T 
For a large constant C > to be fixed later, we will work with the following set of functions 



B. 



c 



{(</>, V') : 



MT)\\i<Cel 



h < Cei 
9 



, cp{T) = MT),^{T)=TMT)]. 



We now check next that the map ((/>, V') ^ (-^1.(0,1/')) -^2, (</>,»/')) sends B^ in itself, for suitable 
choices of C and T, and that it is a contraction. In fact, for {(j),ip) € B^^ one has that 

|i^i,(0,^)W- 0(^)1 < ^Cel(logr-logr), 

which implies ||-^i, (</,,,/,) — 0(T)|[i < ^Cej,, as desired. 
Moreover by ()23p and ()28p one has that 



|i^2,(0,^)(r)| <|V'(T)| + y s4e2*W [20(s) + O(</.(s))(O(0(s)) + 0(6^(1 + log(l + s^)f 
+ 0{el{l + \og{l + s^)f)]ds 



.(</.(«)(! + 0(1))^^^ r- Co4g(i + iog(i + ^^))^) ^^„ 



1 + S2)2 
°^s(l+log(l + s2))3 



<4 



(1 + S2)2 "" ^'^"''7^ (1 + S2)2 

for some fixed Co independent of C and e^- Now first choosing T > 1 so large that 

Vt (T+^^2' 
and then C large enough compared to C{T) and Co, we obtain 

\\F2,{4,,ij)\\2 < Ce^, 

so we are done showing that (-^1, (.,.), -^2, (■,■)) maps B^j in itself. 

Let us verify that F is a contraction. We easily estimate for {(l),ip), (</','0) ^ -^c" 



(29) 



Pi,(0,v) --^1,(0,^;) 111 ^ 2' 

Using ([26]) and ([29|) we also find for k large enough 



V^l|2. 



\^2,{<f>,->p) --^9r^,Mll2 < 9 



2,(</.,V)l 



s s\ct>{s) - ^{s)\ 



ds 



<9|| 



:i + s2)2 

"^ s(iogs-iogr) 1 



1> 



10 



so we have that indeed F is a contraction. In particular the map {(p,ip) i-^ (^1.(0,1/')) -^2, (</.,?/))) has 
a fixed point in {(j),ip) € B^, which satisfies (p7|) . Then, by uniqueness for the Cauchy problem, 
we have ((/)(r),^(r)) = {(j)k{r),rcj}'i^{r)) for r G [T,S], whence the bounds 

(7p2 

<t>k{r)<C{T)el + Cel{logr-logT), 4>'j^{r) < ^, for T < r < 5 = o(l)e'^^ (30) 

For every k large enough fix now S = Sk = o(l)e^'= such that Sk > 2fik- From ([28]) . (pO]l and 
our choice of Rq, we get for A; large enough 

r]k{r)<Vo{r)-ek + {C{T) + Clogr)el<r]o{r), for r G [i?o, Sfe]. (31) 

We shall now prove that 



s-fe 



for k large enough. Indeed we have 



4 / 1 \ 47r 0(1) 

AA/oax- = / 7p ~ ' ^ ~ 

From (|17p we have 



ArjQdx = / 7- i^r^-dx = 47r 1 - ^ = 47r ^ + „ 

B.. V(i + ^')' V 1 + 4/ 4 4 



- EfcAwdx = 47r(l + o(l))efc 

Finally, using (|30p and the divergence theorem, 



47r(l + o(l)) 



/^i 



A(/)kdx 



2nsk\cl>',{sk)\=0{el) = {f,^^). 



Summing up we infer 



^ ^ , 47r(l + o(l)) , 47r(l + o(l)) ^. _4, ^ 

for k large enough, by our choice of s^. Since A^ < on all of Bi/j.^, we infer that 

27rrr/^(r) = / Arjkdx < / Arj^dx < —An < / Aijodx = 2Trrri'Q{r) , re[sfc,l/rfc]. 
This, together with pT]) . completes the proof of pT]) . D 



Proof of Theorem (completed). From (|2'2p it follows that Afc — )• as A; — )• 00. Indeed the 

function log ( — ) + Uk vanishes for r = p^ = —7^ — . Since Uj. > in i?i we must have for 

k large enough Pfc > 1, hence 

4 
Afc < ^ ^ as A; ^ 00. (32) 
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Set fk := Afcn?e"fc. We now want to prove 



lim lim / fkdx = 0, 

R-^ook^ooJBi\Bit,.^ 

which together with (fT2]l . yields the convergence of fkdx in d?]). 

Using the definition of r^ and (j22p we have for r G [-Ro^fc) 1] ^ind k large enough 



''Vfc(r-)=4(^) 



^nfc(r)^^ g{l+«fe(r)/Mfc)%(r/rfe) 



2 / / \\ 2 



< 



<^)(^)(-(^)) 



2\ -1- 



"fc('') 



<4 



itfc(?') 



1 + 



"fc('') 



fJ-k J \ \rk. 
In order to further estimate the right-hand side, we notice that the function 

2\ -t 



Mt)--=t'{i+{- 



satisfies for any fixed r > 



ttfc > 0, afc(O) = 0, limafc(t) = a'^{t) = ^ t = tk '.^ 



log 1 + 



rk 



Hence a^ < a^itk) and we conclude 

16 



r'/fc(r) < 



logni+^^'^'^ 



"■rk^ 



1 + 



''fc 



-21og-i(l+(r-/rfc)2) 



, for r > RoVk, k large, 



which can be weakened to 

2/^\^ 2. 



(33) 



log^ (^-j r'fkir) < log^ [1 + (^-j jr2/fc(r) < 16, for r > i^orfc, A; large. (34) 

Finally, it follows from (|34|) that 

lim lim / fkdx < lim lim / 2TTrfk{r)dr < lim lim / — - — - — - — -pr 

■R^~'=^~JBi\Bb,^. i?-^oo fc^oo J^^^ fl^oofc-^ooy^,,^ r[log(r/rfc)J^ 

= 0. 



dr 



lim lim 

i?— >-oo fc— >oo 



327r 

log(r/rfc) 



(35) 



/?r-fc 



Then (|33p is proven, and as already noticed the first part of d?]) follows. 
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Integrating by parts we also obtain 

ll^fcll^i = / Uk{—^Uk)dx = / /fcC^x — )• 47r as k —> oo. 
" Jbi Jbi 

Then, up to extracting a subsequence we have Uk -^ u^ weakly in Hq{Bi) for some function 
Uoo € Hq{Bi). Moreover, using that Afc ^ as /c — )• oo, we get for any L > 



Jbi 



1 /■ ^ J / .lA^.rA 4^ + 0(l) 



Afcitfee^'fedx < Afc / Uke^kdx+— fkdx < o{l)C{L) + 

J {xeBi:Uk{x)<L} ^ J {xeBi:Ukix)<L} ^ 



with error o(l) ^ as /c — )• oo. Then, by letting L — )• cx) we infer that XkUke^^ — > in L^{Bi] 
and it follows that for every ^p G Cl{Bi) 



I {—Auao)^dx = lim / {—Auk)y^dx = lim / 

Jbi >'^°° Jbi '^^"o Jbi 



2 

-XkUke^f'ifdx = 0, 



hence — Auoo = in i?i, i.e. -Uqo = 0. 

This also implies the convergence of \\/uj.'\^dx in ([7]). Indeed, integrating by parts and using 
that Ufc — )■ in L^{Bi) by the compactness of the embedding Hq{Bi) ^->- L^{Bi), we have for 

any if G C^C^i) 

/ \Vuk\'^(pdx= / — — ^c^(ix+ / fk(pdx= / ^A99(ix+ / fkipdx= / /fcc/^dx + o(l), 

JBi JBi ^ JBi JBi ^ JBi JBi 

with error o(l) — )• as /c — )■ cx). Hence /^dx and |Vn,fc|^dx have the same weak limit in the sense 
of measures. 

Now, using Ufc(l) = and d?]) we infer that tt^ — )• in L'^^{Bi \ {0}). Indeed for a fixed 
5 G (0, 1) and any r G [5, 1] we have by Holder's inequality 

pi -111 

Uk{r) = Ukir) - Uk{l) < / \u'k{p)\dp<\\Vuk\\L^Bi\Bs)[^'^og-y^O as k ^ oo. 

Then by elliptic estimates Ufc — > in Cj^oc(-Bi \ {0}). This completes the proof of Theorem^ D 

3 Proof of Theorem [1] 

Given //, A > let u^^x G C°°([0, T^^x)) be the solution to the ODE 

where [0, T^^a)) is the maximal interval of existence for (j36|) (in fact T^^a = cw, but we will not 
prove this). Then Uf^^x{x) := Uij,^x{\x\) satisfies 

-Am^,a = Au^,Ae"''-^ in -Bt^_;,, w^,a(0) = /i. 
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Set 

r(//) := inf{r G (0,T^,i] : u^,i(r) = 0}. 

We claim that t{h) < oo for every /u > 0. To see this, fix tq € (0, t(^)). Then for r S [ro,r(/i)] 
the divergence theorem yields 

for some positive e. The claim easily follows from standard comparison arguments. 
Now notice that, for any A, A' > 



^M,A VT^ =Uf,,x'[r), 



and for every /x > set u^ := u^yii^^-^ = u^^x^, where A^ := t^(/u). Then u^ is positive in [0, 1), 
it solves ([36]) with A = A^, and u^(l) = 0. By ODE theory the function <I> : ^u i-> u^\[o ij belongs 
toC0((0,oo),C2([0,l])). 

Now given A > every non-negative critical point of -EIa/a is smooth and satisfies 



,,2 



-An = Ane" in Bi, u = OondBi, (37) 

for some A > 0. By [14' Theorem 1] we have that u is radially symmetric, i.e. we can write 
u{x) = u{\x\), where u satisfies ()36p with /x = u{0) and the additional condition that u > on 
[0, 1) and u(l) = 0. This is possible only if u = «^. Hence we have proven that every solution 
< n ^ of ([37|l is of the form u{x) = n^(x) := u^(|x|) for some /x > 0. Define 

£{fi) := \\Uf,fjji,^,, A" := sup £{fi). 
"^ ' /.e{o,oo) 

We claim that A" < cxo. Indeed £ is continuous and it is clear that u^ — >• smoothly as ^ 4 0; 
hence lim^|o '^'(/x) = 0. Moreover Theorem [2] gives lim^_!.oo i?(/^) = 47r, hence by continuity 
A^ < oo. This completes the proof of Part (i) of the theorem. By Theorem 1.7 in [2B] it follows 
that A' > Air, and Parts (ii) and (iii) follow at once from the continuity of £". D 

References 

[1] Adimurthi, Existence of positive solutions of the semilinear Dirichlet problem with critical growth 
for the n-Laplacian, Ann. Sc. Norm. Sup. Pisa, Ser. IV 17 (1990), 393-413. 

[2] Adimurthi, O. Druet, Blow-up analysis in dimension 2 and a sharp form of Trudinger-Moser 
inequality^ Comm. Partial Differential Equations 29 (2004), 295-322. 

[3] Adimurthi, S. Prashanth, Failure of Palais- Smale condition and blow-up analysis for the critical 
exponent problem in K^, Proc. Inddian Acad. Sci. Math. Sci. 107 (1997), 283-317. 

[4] Adimurthi, M. Struwe, Global compactness properties of semilinear elliptic equations with critical 
exponential growth, J. Funct. Anal. 175 (2000), 125-167. 

14 



[5] H. Brezis, F. Merle Uniform estimates and blow-up behaviour for solutions of —Au — V{x)e" in 
two dimensions, Comm. Partial Differential Equations 16 (1991), 1223-1253. 

[6] H. Brezis, Y-Y. Li, I. Shafrir, A sup + inf inequality for some nonlinear elliptic equations involv- 
ing exponential nonlinearities, J. Funct. Anal. 115 (1993), 344-358. 

[7] L. Carleson, S.-Y. a. Chang, On the existence of an extremal function for an inequality of J. 
Moser, Bull. Sci. Math. (2) 110 (1986) 113-127. 

[8] J.-M. CORON, Topologie et cas limite des injections de Sobolev, C.R. Math. Acad. Sci. Paris 299 (I) 
(1984) 209-212. 

[9] D.G. DE FiGUElREDO, J.M. DO O, B. RuF, On an inequality by N. Trudinger and J. Moser and 
related elliptic equations, Comm. Pure Appl. Math. 55 (2002), 135-152. 

[10] M. DEL Pino, M. Musso, B. Ruf, New solutions for Trudinger-Moser critical equations inM?, J. 
Funct. Analysis 258 (2010), 421-457. 

[11] M. DEL Pino, M. Musso, B. Ruf, Beyond the Trudinger-Moser Supremum, Calc. Var. and PDEs, 
to appear. 

[12] O. Druet, Multibumps analysis in dimension 2, quantification of blow-up levels, Duke Math. J. 132 
(2006), 217-269. 

[13] M. Flucher, Extremal functions for the Trudinger-Moser inequality in 2 dimensions. Comment. 
Math. Helv. 67 (3) (1992) 471-497. 

[14] B. GiDAS, W.-M. Nl, L. NiRENBERG, Symmetry and related properties via the maximum principle, 
Commun. Math. Phys. 68 (1979), 209-243. 

[15] D.-D. Joseph, T.-S. Lundgren, Quasilinear Dirichlet problems driven by positive sources, Arch. 
Rat. Mech. Anal. 49 (1973), 241-269. 

[16] T. Lamm, F. Robert, M. Struwe, The heat flow with a critical exponential nonlinearity, J. Funct. 
Analysis 257 (2009), 2951-2998. 

[17] Y.-Y. Li, Harnack type inequality: The method of moving planes, Commun. Math. Phys. 200-2, 
(1999), 421-444. 

[18] Y.-Y. Li, L Shafrir Blow-up analysis for solutions of — Au — Ve'^ in dimension 2, Indiana Univ. 
Math. J. 43 (1994), 1255-1270. 

[19] L. Martinazzi A threshold phenomenon for embeddings of H^ into Orlicz spaces, Calc. Var. Partial 
Differential Equations 36 (2009), 493-506. 

[20] L. Martinazzi, M. Struwe Quantization for an elliptic equation of order 2m with critical expo- 
nential non-linearity. Math. Z. 270 (2012), 453-487. 

[21] F. MiGNOT, J. -P. PuEL, Sur une classe de problemes non lineaires avec nonlinearite positive, 
croissante, convexe, Comm. Part. Diff. Eq. 5 (8) (1980) , 791-836. 

[22] J. -P. MONAHAN, Numerical solution of a non-linear boundary value problem, thesis, Princeton 
Univ., 1971. 

15 



[23] J. MOSER, A sharp form of an inequality by N. Trudinger, Indiana Univ. Math. J. 20 (1971), 
1077-1092. 

[24] R. SCHOEN, On the number of constant scalar curvature metrics in a conformal class, in "Differential 
Geometry: A Symposium in Honor of Manfrcdo Do Carmo", (H.B.Lawson and K.Tenenblat Editors), 
(1991), 331-320, Wiley, New York. 

[25] I. Shafrir, Une inegalite de type Sup + Inf pour I'equation — Au = V^e", C. R. Acad. Sci. Paris 
315 (1992), 159-164. 

[26] M. Struwe, Critical points of embeddings of H^" into Orlicz spaces, Ann. Inst. H. Poincare Anal. 
Non Lineaire 5 (1984) 425-464. 

[27] M. Struwe, Positive solutions of critical semilinear elliptic equations on non-contractible planar 
domains, J. Eur. Math. Soc. (JEMS) 2 (4) (2000) 329-388. 

[28] M. Struwe Quantization for a fourth order equation with critical exponential growth. Math. Z. 256 
(2007), 397-424. 

[29] N.S. Trudinger, On embedding into Orlicz spaces and some applications, J. Math. Mech. 17 (1967), 
473-483. 



16 



